
zero shear normal stress coefficient, dynes-sec.2/ 
sq.cm. 
viscosity function, Equation (8) ,  dynes-sec./ 
sq.cm. 
zero shear viscosity, dynes-sec./sq.cm. 
stress tensor 
r and 0 components of stress, dynes/sq.cm. 
polar coordinate 
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Numerical Evaluation of Temperature Profiles 
and Interface Posit ion 

. 
in Fi Ia ments 

Undergoing Solidification 
MILTON E. MORRISON 

Aerospace Research Laboratories, Wright-Pattenon, A i r  Force Base, Ohio 

A numerical method has been described for the solution of the general equations which depict 
solidification in the cylindrical coordinate system. The method has been outlined for cooling 
and solidification of a moving filament of molten polymer. The solution is given in terms of six 
dimensionless variables: q/as,  ktlk,, hR/kR, L/ [Cp,fTo-Tc)I, Jo/Tc,  and U E ~ R ( J ~ - T ~ ) ~ / ~ R .  
Plots are shown for the solution of the heat transfer equations and associated boundary condi- 
tions for several values of the dimensionless variables. The method describes the process of 
cooling and freezing liquids when convective and/or radiative energy losses are considered. 
The form of the theoretical equation compares very favorably with experimental data. 

Prediction of the temperature profile and solid-liquid 
interface as a function of time for a freezing medium is 
of importance in the processing of frozen foods, casting 
of metals and solid rocket motors, production of plastic 
components, and spinning of textile fibers. It is important 
to know the position of the solid-liquid interface as a func- 
tion of time in order to determine the time for solidifica- 
tion. However, in some instances it is even more important 
to know the temperature profile as a function of time. In 
the spinning of many textile fibers, molten polymer is 
extruded through an orifice and the filament cooled by 
passing through an inert gaseous atmosphere. The fiber 
properties are then altered by a drawing process. If the 
fiber is not sufficiently cooled or large temperature gradi- 
ents exist during the spinning process, filaments with un- 
desirable properties may result. This paper describes the 
numerical solution of a set of partial differential equations 
which describe heat transfer in a freezing filament. Radial 
temperature profiles and interface position are evaluated 
as a function of time. The filament is initially liquid and 
above the freezing point; however, simpler problems such 
as heat transfer to a saturated solution can also be solved 

Milton E. Morrison is with American Enka Corporation, Enka, North 
Carolina. 

by the technique described. 
Several papers have been published on heat transfer in 

freezing media. London and Seban ( 1 7 )  presented an 
analogue method for prediction of the solid-liquid inter- 
face position as a function of time when the specific heat 
of the two phases was neglected. Their work considered 
the freezing problem in Cartesian, cylindrical, and spherical 
coordinate systems. Danckwerts (8) obtained solutions for 
heat conduction with a moving boundary in Cartesian co- 
ordinates, when the change in density was important. Lin 
(16) has presented an analytical solution for the liquid- 
solid interface position as a function of time for unsteady 
state freezing problems in the cylindrical and spherical 
coordinate system, if the Cartesian coordinate solution is 
known. Relaxation methods were used to solve the Cartesian 
coordinate problem in a semi-infinite medium by Allen 
and Severn (1 ) , Hrycak (11 ) has described solidification 
of a plane-parallel stratified medium. Carslaw and Jaeger 
( 5 )  report a solution for freezing a saturated liquid in a 
semi-infinite medium in Cartesian coordinates. Wilcox and 
Duty ( 2 2 )  have described a numerical technique for eval- 
uation of steady state temperature profiles in a cylindrical 
crystal being drawn from a liquid melt. Numerical meth- 
ods for solution of the unsteady state freezing problem 

Vol. 16, No. 1 AlChE Journal Page 57 



have been reported by Tao (21 ) and Crank (7). Crank 
considered the Cartesian coordinate system, while Tao re- 
ported results for freezing of a saturated liquid in cylinders 
and spheres. Longwell (18) reported a graphical method 
for solution of the freezing problem which was applicable 
to a Cartesian, cylindrical, or spherical coordinate system. 

NUMERICAL METHOD AND RESULTS 

Consider a filament of liquid polymer extruded through 
an orifice at a t e r n w e  To into an inert atmosphere at 
Tc as shown in Figure 1. The liquid can be extruded at 
the freezing point T f  or at some higher temperature. By 
consideration of an energy balance (3) in one phase of 
the filament at a distance (2) from the orace, the follow- 
ing equation results: 

DT alnv DP 
p C p t = V . k V T + ( - )  alnT -- ~t Y v :  v u  (1) 

For the given problem, Equation (1) can be simplifted 
considerably by assuming steady state conditions, no vis- 
cous dissipation, constant filament velocity, constant ther- 
mal diffusivity, no pressure gradients, symmetry about the 
filament axis, negligible longitudinal conduction, and no 
radial velocity component. Using these assumptions for 
the liquid phase, Equation (1) reduces to: 

(2) 
a = - = - -  aTl al a ( r a a )  

u,-=- aT, us - a ( .a+) 

az r ar 
For the solid phase 

(3) 

At the solid-liquid interface the temperature is continuous, 
therefore Equation (4) 

requires that the energy liberated by freezing be trans- 
ferred from the solid-liquid interface or 

az r ar 

@ r = ru T ,  = T l =  T f  (4) 

The system is completely described by Equations (2) 
through (5) and the associated initial and boundary con- 
ditions: 
initial condition: 

boundary condition 1: @ r = 0, - = 0 

boundary condition 2: 

@ z =  0, T = To 
aT 
aT 

@ r = R, q R  = - kR - 
IR 

= ~ ( T R  - T,)  (6) 
boundary condition 3: @ r = T * ,  T = Tf 
The problem can be somewhat simplifted by consideration 
of four dimensionless variables 

(7) 

( 8 )  

T - T ,  
TO- Tc Y =  

r 
f = x  

-2 = 0, T = To 

Fig. 1. Schematic of fiber spinning technique. 

Incorporation of the dimensionless variables into Equations 
(2) through (6) yields the final mathematical formulation. 

boundary condition 1: @ 6 = 0, - ay = 0 
ag 

boundary condition 2: @ 6 = 1, - ay I = - Y R  (E) at  R 
(14) 

boundary condition 3: @ 6 = t*, y = yf 

Solution of the problem involves cooling the liquid polymer 
until the surface of the filament reaches the freezing point. 
That requires only Equations (11) and (14). Then the 
filament begins to freeze. During the freezing process Equa- 
tions (11) through (14) must be solved simultaneously. 
After the filament is completely solidified, the cooling of 
the solid strand to the temperature of the surroundings, T,, 
is continued. The cooling of the liquid filament, which 
means solution of Equation (11) with the initial and bound- 
ary conditions results in the following equation (6) : 

a,J1(an) Jo(ant)e-(*IDn 
Y = 2  2 

n=l [ ( )' + an2 ] Jo2(an) (15) 

where u,, is the root of 
hR 
kR 

an I1 (4 = - Jo ( a n )  (16) 

Although an analytical solution can be obtained for the 
cooling problem, a numerical method must be used to 
describe the freezing of liquid polymer as described by 
Equations (11) through (14). That numerical problem 
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+ ( ~ u + ~ w - 2 ~ u , w  + yu-1 ,w) I  (17) e 
4 

d y 1  
~ 

TI4 ‘2.1 

-=- 4x C Y u + l , w + l - Y ~ - l . W + l )  + (Yu+ l ,w-Yu- l ,w) l  

(18) 

(19) 

Tl.2 ‘M;2 

‘1.3 ‘M.3 

QC 

* Yu,w+l -Yabw 

an Y 
Each point in the difference grid is represented as u in 
the 6 direction and w in the direction where x is the 
distance betweeen successive u points and y is the dis- 
tance between successive w points. The difference grid is 
shown schematically in Figure 2. 

After usin the difference representations given in Equa- 
tions (17) k u g h  (19), Equations (11) through (14) 
reduce to 

-= 

Fig. 2. Rectangular grid for representation of numerical solution. 

requires simultaneous solution of parabolic partial differ- 
ential equations. An implicit form of difFerence equation 
for the differentials was used, since convergence require- 
ments are not as restricted for implicit as for the explicit 
forms (20). The following difference equations were used 
in this work. 

1.0 

0.9 

0.8 

0.7 

0.6 

0.4 

0.3 

0. I 

I I I I 1 
0 0.2 0.4 0.6 0.8 1.0 

r /R 
Fig. 3. Dimensionless temperature vs. radius for h R / h  = 1, when 

kJk, = 1, aJa, = 1, p = 0, and L/[CpsfTo-Tc~] = 0. 

Du = -yu+1 .w ($+&) - Y u , w ( $ - s )  

1 1  = *  -yu-1.w (---) 
t C w + l - P w  1 

(Yf+l. W + l  =- 
Y. 2x1; 

- Yf, W + l  + Yf+l .W - Yf. w) 

initialcondition: @ n = 0, yu, = 1 

boundary condition 1: @ 6 = 0 

2 
-72. w + l  + BI’ 71, w + l =  DI‘ 
X 2  

2 1  
x2 k 

B1 = ---- 

boundary condition 2: @ [ = 1 
1 
X 2  

BM’ YM. w + l  + - Y M - 1 ,  w + l  = DM’ 

YM-1, W 
- 8  

@ 6 = to, boundary condition 3: yu, ,,, = yf 
In order to determine the convergence and stability of 
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r/R 
Fig. 4. Dimensionless temperature vs. radius for hR/kR = 0.1, when 

f l  = 0.00371. 
k& = 1, adas = 1, L/[C,,U,-T,J] = 0, TJT,  = 1.86, and 

the numerical method, the temperature profile of a cool- 
ing filament (neglecting the latent heat of fusion and dif- 
ferences in thermal diffusivity of the liquid and solid 
phases) was obtained using Equations ( l l a )  and (14a). 
Those results were compared to the analytical solution 
given in Equation (15) and are plotted in Figures 3 and 
4. The analytical and finite difference solutions agreed to 
less than 0.1% for x equal to 0.05 and y equal to 0.0025. 

The method of Thomas (4, 15) was used to solve the 
numerical Equations ( l l a )  and ( 14a). A marching tech- 
nique was employed for evaluation of the M grid points 
at  each w location. Through a suitable transformation of 
variables as suggested by Thomas, the M equations were 
transformed such that no matrix inversion was required 
and the grid points could be successively solved from the 
boundary condition at M to M - 1, M - 2, M - 3, . . . 1. 

The generalized numerical technique for solution of the 
cooling of a moving filament with change of state was the 
following. If the exit temperature of the polymer was above 
the freezing point, the numerical or analytical method of 
solution for the temperature profile in a single phase was 
used until the surface temperature of the filament reached 
the freezing point. The heat transfer problem for the two 
phase system was solved by considering Equations (lla) 
through ( 1 4 a ) .  An estimate of the distance increment (ys) 
was obtained from Equation (13a) for 

Eaul-kl-EaW=--x (20) 

The initial estimate for ye was obtained by assumin5 that 
the temperature profiles on either side of the solid- qud 
interface were identical at w and w + 1. Equation (12a) 
and boundary conditions 2 and 3 were solved by the 
Thomas method for the temperature profile in the solid 
phase. Since one desires 

then 
&* = 4zt (21) 

y"=l '  (22) 
a8 

The temperature profile in the liquid phase was determined 
using Equations ( I la) ,  (22), and boundary conditions 1 
and 3 with the Thomas method. Using the previously de- 
termined temperature profiles, a new estimate for the 
distance increment ys could be calculated from Equation 
(13a). On the second and subsequent iterations the new 
value for ys and yl were compared to the previously ob- 
tained estimates. When the new and previous values for 
the distance increments were equal within a given toler- 
ance, the temperature profile at a distance z was obtained. 
The solid-liquid interface was again moved as iven in 

repeated. The method was repeated until all of the fila- 
ment was solidified. Cooling of the solid strand was de- 
scribed by Equation ( 1 2 ~ )  and ( 1 4 ~ )  as previously dis- 
cussed. 

Equation (20) and the temperature profile c af culation 

1.0 

0.9 

0.8 

0.7 

0.6 

T-Tc pc 0.5 

0.4 

0.3 

0.2 

0. I 

1.0 
0 

0 0.2 0.4 0.6 0.8 

r /R 
Fig. 5. Dimensionless temperature vs. radius for h R / k R  = 1, when 
kdk,  = 0.5, o ~ z / o ~ ~  = 0.5, L/[C,s(To-T,)I = 0.25, p = 0, and 

Yf = 0.8. 
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The temperature profile was calculated for the case of 
yf equal to 0.8 using a high speed digital computer. The 
computer program is available in Fortran IV (19). The 
results are presented in Figures 5 and 6 for two different 
values of hR/kR with kl/ks = 0.5, al/as = 0.5 and 
L/[C,,(To- T , ) ]  = 0.25. For the conditions stated, 
when the latent heat, thermal conductivity, and thermal 
dfisivity differences between the liquid and solid are 
considered, an additional distance is required to cool the 
filament to an equivalent temperature 7. For the cases 

es 3 through 6, a 10% increase in distance 
0 is requir in Fr to cool the center of the filament to = 0.1 
when the differences between the thermal properties of the 
liquid and solid are considered. 

The effect of varying the thermal diffusivity and latent 
heat term b on the freezing of a moving filament is given 
in Figures 7 and 8. The effect of varying the thermal dif- 
fusivity ratio and 5 on the temperature profile is quite 
pronounced. A five-fold change in the thermal conductivity 
ratio did not affect the temperature profile. The abrupt 
change in slope in Figure 7 at the freezing point is due to 
the large difference between the thermal diffusivity of the 
solid and liquid phases. 

Previous methods have been reported for numerical (21 ) 
or analog ( 2 )  solution of the freezing problem with the 
polymer initially at the freezing point. Those results were 
compared with calculations performed using the method 

1.01 I I I I I 

0.9 

0.8 

0.7 

CONVECTION 
RADIATION AND CONVECTION 

0 0.2 0.4 0.6 0.8 1.0 

r/ R 

0 

Fig. 6. Dimensionless temperature vs. radius for hWkR = 0.1, when 

T,/T, = 1.86, and p = 0.00371. 
kdk, = 0.5, = 0.5, L/[c,(T,-T,)I = 0.25, Vf = 0.8, 

I .o 
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0. I 
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Fig. 7. Dimensionless temperature vs. radius for hR/kR = 1, when 
kdk ,  = 0.5, adas = 0.1, L/[C,,(T,-T,)] = 0.25, p = 0, and 

~f = 0.8. 

described in this paper for hR/kR = 1.0, ki/k, = 0.5, 
q/as = 0.1, L/[C,,(To-T,)] = 1.0, and /3 = 0. The 
data presented by Tao (21 ) agree with those reported here 
within the accurac of reading the plots presented in his 
paper. However, dere  is a significant difference between 
the data presented by Baxter ( 2 )  and those reported in 
this paper and by Tao. The data reported by Baxter do 
not conform to the boundary condition, Equation (6), 
boundary condition 2. Apparently the precision of his analog 
solution was not sufficient. The distance required for the 
solid-liquid interface to move to 4" = 0.8, 0.5, or 0 as 
calculated by Tao and the author do not agree with the 
results of Baxter. For the interface to move to [* = 0.8, 
0.5, and 0, Tao and the author report a dimensionless dis- 
tance as of 0.21, 0.57, and 1.03, respectively; as compared 
to 0.16, 0.42, and 0.98 by Baxter. 

Some question might be raised concerning the validity 
of assumption ( 7 ) ,  negligible longitudinal conduction. The 
magnitude of the longitudinal conduction can be easily 
discerned by comparing the ratio of the radial and longi- 
tudinal heat flux at some point, that is 

aT 4% 

ar V,R F 
qz -k- aT as __ ar 

az ans 

-k- 
(23) --- 4. -=-- 
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Fig. 8. Dimensionless temperature vs. radius for hR/kR = 1, when 
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yf = 0.8. 

For melt spinning of most textile fibers, u,R/a, is of the 
order of lo5. Therefore longitudinal conduction is only 
important when the ratio 

aY 

(24) 
- 
ans 

By examination of Figures 3 through 8, the validity of 
assumption (7)  can be readily established. 

One must always discern the relative importance of ra- 
diative and convective energy transport in any physical sys- 
tem, especially when the Nusselt number is small or the 
surface temperature is high. Heat transfer from the filament 
to the surroundings by simultaneous convective and radia- 
tive energy transport can be described by the above 
method, with the exception of Equation (6) ,  boundary 
condition 2. The boundary condition must be changed to: 

boundary condition 2: @ T = R, - k R  - 1 aT 
ar R 

= h ( T R  - T c )  + U P ~ T R ~  - urWapTw4 ( 2 5 )  

If we assume that a r p T ~ 4  >> uaprwT,4 and insert the di- 

0 WILHELM 
- MORRISON 

r;l = ~ g / r n i n  

vz = 800 rn/min 

do * 0.75rnrn 

To = 290.C 

T c =  3O.C 
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t- z 
2 0.2 - a 
52 
LL 
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DIMENSIONLESS DISTANCE, n, 

Fig. 9. Comparison between theory and experiment. Dimensionless 
temperature vs. radius for hR/kR = 0.05, when k d k ,  = 0.5, adas 
= 0.472, L/[Cps(To-TcI] = 0.165, yf = 0.904, p = 0.00371, and 

TdTc = 1.86. 

mensionless variables, Equation (25) reduces to: 

boundary condition 2: @ f = 1, 
hR 

uepR(T0 - Tc)3 + k R  [ l + Y R ( $ - l ) T  YR4 

(26)  
The numerical method was used to discern the relative im- 
portance of radiative and convective energy transport in 
the system described above. Figures 4 and 6 show for 
hR/kR = 0.1, that radiative energy transport must be 
considered. The values of the dimensionless variables are 
representative for the spinning of polyamides, polyesters, 
polypropylene, and other melt spun fibers. For these sys- 
tems, one can essentially neglect radiative energy losses 

when hR/kR 7 0.5 
Before discussing the agreement between theory and ex- 

periment some consideration should be given to the validity 
of the mathematical model. The film heat transfer coeffi- 
cient ( h )  in Equation (6) and (25) was assumed to be 
invariant with position. A coolant flow perpendicular to 
the filament traverse is used in practice. That may produce 
a heat transfer coefficient which is angularly dependent. 
One would suspect only a small variation with angle, since 
the coolant velocity is usually quite small. The radius of 
the filament will vary with distance ( 2 ) .  That may cause 
a significant variation in the film heat transfer coefficient. 
Using the data reported by Wilhelm (23)  one sees that 
the decrease in filament radius creates no important radial 
velocity component. The emissivity and absorptivity have 
been assumed constant. They may vary in actual practice. 
The inert gaseous coolant was assumed to be transparent 
to radiative energy transport. Since the coolant is gen- 
erally maintained at approximately the same temperature 
as the surrounding walls and in most cases is a diatomic 
homonuclear molecule, the assumption seems warranted. 
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It would be of considerable interest to compare the 
theoretical results presented in this paper with experimental 
data. Very limited experimental data are available for the 
variance of surface temperature with distance from the 
spinneret. Wilhelm (23) has reported experimental surface 
temperature and filament diameter as a function of distance 
from the spinneret for a polyester; while Kase and Matsuo 
(12) report similar data for polypropylene. Thermody- 
namic data for polyethylene terephthalate is available in 
the literature (9, 10, 13, 14) .  However, there is a large 
disagreement between various authors for the value of 
these properties. Using representative values for the ther- 
modynamic pro erties and a Nusselt number of 0.562, the 

surface temperature as a function of distance from the 
spinneret. The results are compared with the data reported 
by Wilhelm in Figure 9. The shape of both curves are very 
similar. One clearly sees that the polyester studied by Wil- 
helm did not have a clearly defined melting point at y = 
0.904, which is reported by Ke (13) for polyethylene 
terephthalate. The heat transfer coefficient is also seen to 
be a function of distance from the spinneret. Experimental 
data for surface temperature and filament diameter as a 
function of distance from the spinneret for a well charac- 
terized polymer is very urgently needed. A value for the 
heat transfer coefficient could be easily obtained if that 
information were available. Using the above described 
technique with accurate thermodynamic and heat transfer 
coefficients, quenching apparatus for melt spun fibers could 
be easily designed. Too often in the past, that equipment 
has been designed by costly trial-and-error methods. 

theory describe tl in this paper was used to predict filament 

CONCLUSION 

A general technique can be described for the numerical 
solution of the equations which depict solidification in the 
cylindrical coordinate system. The method can be applied 
to the cooling and solidification of a moving filament of 
polymer. Considering both convective and radiative energy 
losses, the solution is given in terms of six dimensionless 
variables: cq/aS, kz/ks, hR/kR, L/  [C,, ( TO - T,) 1, TOIT,, 
and ucpR( To - T,)S/kR.  The thermal properties which af- 
fect the temperature profiles and freezing times most 
markedly are atla,, L / [ C p s  (To - T, )  1, hR/kR and p. Ra- 
diative energy losses must be considered when hR/kR is 
less than approximately 0.5 for most molten polymers. The 
form of the theoretical equation compares very favorably 
with experimental data. However, the dearth of thermody- 
namic data in conjunction with temperature measurements 
precludes a better fit between theory and experiment at 
this time. Experimental thermodynamic and surface tem- 
perature data are urgently required such that accurate val- 
ues for the heat transfer coefficient can be calculated. 

NOTATION 

a = absorptivity, dimensionless 
C, 
do 
D = filament diameter, cm. 
h, 
I n  
k 
L 
M 
NNu = Nusselt number, h D / k ,  

R 
t = time, sec. 
T = temperature, OK. 

= heat capacity at constant pressure, cal./g.”K. 
= diameter of spinneret holes, mm. 

= film heat transfer coefficient, cal./sq.cm. sec. “K. 
= Bessel function of order n 
= thermal conductivity, cal./cm. O K .  sec. 
= latent heat of fusion, cal./g. 
= number of grid points in [ direction 

= = l i  lament radius, cm. 
ressure, dynes/sq.cm. 

u 
V = specific volume, cc./g. 
v = velocity, cm./sec. 
u; 
x 
y 
r, 8, z = cylindrical coordinates 

= grid points in [ direction for numerical solution 

= grid points in n direction for numerical solution 
= grid spacing in 5‘ direction for numerical solution 
= grid spacing in D direction for numerical solution 

Greek Letters 

a = thermal diffusivity, sq.cm./sec. 
/3 
S = dimensionless group, hR/kR 
a = emissivity, dimensionless 
5 
5‘ = dimensionless radius, r / R  
p = density, g./cc. 
u 

y 
yv = shear stress, dynes/sq.cm. 
n = dimensionless distance, ~ a / u , R z  

= dimensionless radiation group, ucpR ( TO - T c )  3 / k ~  

= dimensionless group, L/ [ C,, ( TO - T,) ] 

= Stefan-Boltzmann constant, 0.1712 X lop8 B.t.u./ 

= dimensionless temperature, (T - T,) / (TO - T,) 
hr. sq.ft. R4 

Subscripts 

c = inert gaseous coolant 
f =freezing 
2 =liquid 
0 
p =polymer 
R = filament wall 
s = solid 
w = surrounding walls 
r, 8, z = coordinate directions 

= solid-liquid interface 

= at distancez = 0 

0 
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